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$V$ $\mathbb{C}$ $2n$ . $e_{1},$ $\ldots,e_{n},e_{\overline{n}},$ $\ldots$ ,e
, $V$
$(e_{i},e_{\overline{j}})=-(e_{\overline{j}},e_{i})=\delta_{ij}$, $(e:,e_{j})=(e_{\overline{j}},e_{1}^{-}.\rangle=0$
. {1, $\ldots$ , $n,$ $\overline{n},$ $\ldots,1\gamma$ , , . . ., $n+$
$1,$ $n+2,$ $\ldots,$ $2n$ . , $n+i=$
$\overline{n-i+1}$ – . , –
. $1<\cdots<n<\overline{n}<\cdots<$ .
$V$ $W$ (isotropic) , $u,v\in W$
$(u,v)=0$ $n$ Lagrangian
. Lagrangian $LG_{n}$ . $LG_{n}$
, $n(n+1)/2$ .
2.2
$G=\mathrm{S}\mathrm{p}(V)$ $V$ . $G$
$LG_{n}$ . $LG_{n}$
. $T$ $n$ (C n .
$B=$ {$g\in G|g$ } $T$ Borel . $LG_{n}$




$S_{2n}$ $\{1, \ldots , n, \overline{n}, \ldots, \overline{1}\}$ . $S_{2n}$ $W=$
$\{w\in S_{2n}|w(\overline{i})=\overline{w(i)}(1\leq i\leq n)\}$ $(G, T)$ Weyl – .
. $W$ $w$ $\{1, 2, \ldots, n\}$
$(w(1), \ldots, w(n))$ , $w=(w(1), \ldots, w(n))$
. $W$ $W_{P}$ $W_{P}=\{w\in W|1\leq w(i)\leq n (1\leq i\leq n)\}\cong S_{n}$
. $W$
$W^{P}=\{w\in W|w(1)<\cdots<w(n)\}$
$W/W_{P}$ . $W^{P}$ $2^{n}$ .
$w\in W^{P}$
$\sum_{i=1}^{n}\mathbb{C}e_{w(i\rangle}$
$V$ Lagrangian . $LG_{n}$ $e(w)$ . $e(w)$ T-
, $w$ $W^{P}$ $e(w)$ T- .
2.4 Schubert
$e(w)$ B- $X(w)^{\mathrm{o}}$ . $X(w)^{\mathrm{o}}$ $\ell(w)$ $\mathrm{A}^{\ell(w\rangle}$
Schubert . $P(w)$ $w$ Weyl .
Schubert $T$- $e(w)$
. $X(w)^{\mathrm{o}}$ Zariski $X(w)$ Schubert . $X(w)$ $X(w)$
, Schubert .
$X(w)$ . $V_{i}= \sum_{j=1}^{1}\mathbb{C}e_{j}(1\leq i\leq 2n)$
. $V_{n}=L_{0}$ Lagrangian . $w\in W^{P}$ .
$X(w)=\{L\in LG_{n}|\dim_{\mathrm{C}}(L\cap V_{w(i)})\geq i (1 \leq i\leq n)\}$
.
3 Schubert
Schubert $T$- ( ) ,
, .
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3.1 $W^{P}$ ( 1)
$W^{P}$ $n=5$ $w=(1,3,4, \overline{5}, \overline{2})$ , 1, 2, . .. , $n$
( ) , $i(1\leq i\leq n)$
. $w\in W^{P}$
$\delta_{i}=\{$
1 $(i\in\{w(1), \ldots, w(n)\})$
$0$ $(i\not\in\{w(1), \ldots, w(n)\})$
$(1\leq i\leq n)$
. $0$ 1 $\delta=(\delta_{1}, \ldots, \delta_{n})$ . $\delta=(1,0,1,1,0)$
. $\delta_{n+i}=1-\delta_{n+1-i}(1\leq i\leq n)$ .
Maya . $(1, 0,1,1,0|1,0,0,1,0)$
. . ,
$d_{1}=$ $i$ $0$ 1
. $(d:)_{i=1}^{5}=(5,4,4,3,1)$ Young $D(w)$
. $D(w)$ – $n$ . ,
. $d_{i}$ $w\in W^{P}$ $d_{1}=n+i-w(i)$
. Maya .
Young $D(w)$ $\lambda(w)$ . $\lambda(w)$
“shifted diagram” . $\lambda(w)=(5,3,2)$ .
$D(w)$ $\lambda(w)$
3.2 Bruhat-Chevalley Chevalley ( 2)
$e(v)$ Schubert $X(w)$ $\lambda=\lambda(w),$ $\mu=\mu(v)$
shifted diagrams $\lambda\subset\mu$ . $\lambda=\emptyset$ ( )
Schubert $LG_{n}$ , $\mu=$ $(n, \ldots, \mathit{2}, 1)$ ( )
– $B$- $L_{0}= \sum_{\dot{\iota}=1}^{n}\mathbb{C}e$: . $X(\lambda)=X(w),$ $e(\mu)=e(v)$
. $\lambda$ $\mu$
$X(\mu)\subset X(\lambda)$ , 1
. $\muarrow\lambda$ .
$\lambda=\lambda(w),$ $\mu=\mu(v)$ . , . Bourb
. $\muarrow\lambda$ $v=ws_{\beta}$
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$\beta$ . $s_{\beta}$ $\beta$ reflection .
Chevalley
$c(w, v)=2(\varpi_{n}, \beta)/(\beta, \beta)$
. $\varpi_{n}=\sum_{i=1}^{n}\epsilon_{i}$ $\ulcorner_{n}$ . $\epsilon_{i}(1\leq i\leq n)$
. $\beta$ $2\epsilon_{i}$ $\epsilon_{i}+\epsilon_{j}(i\neq j)$
, $c(w, v)$ 1 2 .
3.3
Schubert
. $\langle$ Schubert $X(w)$ $T$- $e(v)$
. Schubert $X(w)$ $e(v)$ $m_{v}(w)$
.
Laks \sim ibai, Weymt [LW] .
1 $m_{v}(w)(w\in W^{P})$ :
$\deg(w, v)\cdot m_{v}(w)=\sum_{w’:w’arrow w}c(w, w’)m_{v}(w’)$.
$w,$ $v$ $(\delta_{i})_{i=1}^{n},$ $(\rho_{i})_{i=1}^{n}$ $\deg(w, v)=\sum_{i=1}^{n}|\rho_{i}-\delta_{i}|$ .
[L $X(w)$ .
$w\in W^{P}$ $D(w)$ 3.1 Young . $D(w)$ – $n$
. $D(w)^{\epsilon}$ .
1 $X(w)$ $D(w)^{\epsilon}$ .
4 –
[GS] . de Rham
. [Br] .
.




Schubert $T$- T- .
[X $(w)$ ] . Schubert . $H_{T}^{*}(LG_{n})$
$S$ $[X(w)](w\in W^{P})$ .
$T$- $LG_{n}^{T}$ $LG_{n}$ $LC_{n}^{T}arrow LG_{n}$
$H_{T}^{*}(LG_{n}) arrow H_{T}^{*}(LG_{n}^{T})=\bigoplus_{v\in W^{P}}H_{T}^{*}(\{e(v)\})=\bigoplus_{v\in W^{P}}S$
. . , $e(v)$
$i_{v}$ : $e(v)arrow LG_{n}$ $i_{v}^{*}$ : $H^{*}(LG_{n})arrow H_{T}^{*}(\{e(v)\})=S$
$i_{v}^{*}([X(w)])(v\in W^{P})$ , Schubert




$m_{v}(w)=i_{v}^{*}([X(w)])$ . $T$- .
. [MS] “multidegree”
. T- [Ros]
. [Ros] Joseph –
. [CG] 66 Hilbert .
, T- ,
, .
[MS], Chap. 8, note .
: $x_{i}=-\epsilon_{1}$ . – .
1 $e(v)$ $T$- . $v$ Maya $(\rho:)_{1=1}^{n}$. .
$m_{v}(w)(w\in W^{P})$ :
$\mathrm{d}\text{ }$
$(w, v) \cdot m_{v}(w)=\sum_{w’:w’arrow w}c(w, w’)m_{v}(w’)$ ,
$w$ ( $\delta\text{ _{}i=1}^{n}$ $\deg(w, v)=2\sum_{i=1}^{n}(\rho_{i}-\delta_{i})x_{i}$ .
. Chevalley Pieri




$x=(x_{1}, \ldots, x_{n})$ , $a=(a_{i})_{i\geq 2}$
. $a_{1}=0$ . :
$(x|a)^{k}= \prod_{i=1}^{k}(x-a_{i})$ .
$\lambda=(\lambda_{1}>\cdots>\lambda_{k}>0)$ . Ivanov [Iv] factorial
$Q$-function :





Pf $(A_{\lambda}(x_{1}, \ldots, x_{n}|a))$ if $n+k$ is even;
Pf $(A_{\lambda}(x_{1}, \ldots,x_{n}, \mathrm{O}|a))$ if $n+k$ is odd.
. Pf .
$Q_{\lambda}(x|a)=2^{k} \frac{\mathrm{P}\mathrm{f}_{\lambda}(x|a)}{D_{n}(x)}$
. $D_{n}(x)= \prod_{1\leq:<j\leq n}(x_{1}-x_{j})/(x_{i}+x_{j})$ . .





$a_{1}=0$ , $a_{i}=x_{n-i+2}$ $(2\leq i\leq n+1)$ .
1 $w,$ $v\in W^{P}$ . $w$ shifled diagram $\lambda$ , $v$ Maya
$\delta=(\delta_{1}, \ldots, \delta_{n})$ .
$m_{v}(w)=Q_{\lambda}$ ( $\delta_{1}x_{1},$ $\ldots$ , \mbox{\boldmath $\delta$}nnx a),
.
$Q_{\lambda}(x|a)$ Pieri (Ivanov ) 1
.
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7 –Gr\"obner T- –
,
. [LRS] .
2 $T=(\mathbb{C}^{*})^{m}$ ]*d $X$
. $T$- . , ,
T\sim $U$ , $T$
.
Bial cki-Birula . [CG] 2.4 Morse
.
$Y$ $X$ $T$- . $Y$ , T-
$y$ . $T$ $y$ $U$ . $U$
$\mathrm{A}^{d}$
$y$ $0$ . $U$ $X_{1},$ $\ldots,X_{d}$ , $T$
. \sim
T . Y\cap U
$R:=\mathbb{C}[X_{1}, \ldots, X_{d}]$ $I$ .
, .
, Miller Sturmfles [MS] ,
. , R J
$I$ . $J$ ,
. $\mathfrak{p}_{\mathfrak{i}}(i=1, \ldots,p)$ $J$
, $\mathfrak{p}:=(X_{1}^{a_{1i}}, \ldots, X_{d}^{a_{\mathrm{d}i}})$ ( $a_{ji}$ $0$ 1)
. $\ell_{i}$ $R_{\mathrm{P}:}/JR_{\mathfrak{p}:}$ .
[LRS] Theorem 3 .
2 $i:\{y\}arrow X$ , [Y]
$i^{*}([ \mathrm{Y}])=\sum_{i=1}^{p}\ell_{i}\prod_{j=1}^{d}\chi_{1}^{a_{j:}}$
. \mbox{\boldmath $\chi$}’ $X_{i}$ .
: ( $LG_{n}$ ) :
$m_{w}(w)= \prod_{(1,j)\in\lambda}(x_{w(:)}-x_{\overline{w(j)}})$
.
$\lambda$ $w\in W^{P}$ shifted diagram .
.
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: $w=(1,3,\overline{5},\overline{4},\overline{2})$ . $\lambda=(5,3)$ .
$m_{w}(w)=2x_{1}(x_{1}+x_{3})(x_{1}-x_{5})(x_{1}-x_{4})(x_{1}-x_{2})\cross 2x_{3}(x_{3}-x_{5})(x_{3}-x_{4})$ .
1 3 5 4 2
:Laksinibai , Grassmann , $m_{v}(v)$
(lattice path ) ,
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